The aim of this paper is to characterize the poset of prime l-ideals of an abelian l-group with a strong unit, ordered by inclusion. The pair formed by an abelian l-group and a strong unit is called in this paper a unital l-group. w x Mundici in 9 defines a functorial equivalence ⌫ from the category of abelian l-groups with a strong unit, with l-homomorphisms preserving strong units as arrows, onto the category of MV-algebras, with MV-homomorphisms as arrows. This equivalence enables us to translate properties Ž . from one class to another; in particular for any unital l-group G, u , the prime spectrum of G is order isomorphic to the prime spectrum of the Ž . Ž . MV-algebra ⌫ G, u see Theorem 1.2 in this paper . The class of l-groups with a strong unit is not closed under direct products; hence it is not a variety. In contrast, MV-algebras do form a variety. Hence some proper-ties are easier to obtain in the context of MV-algebras than in the context of abelian l-groups with a strong unit.
In Section 1, we recall some properties of l-groups and MV-algebras needed in the paper and we establish the relationship between l-ideals and MV-ideals.
In Section 2, we prove the main result of the paper: A poset is order isomorphic to the prime spectrum of a unital l-group if and only if it is a w x spectral root system. To show this, we use a result of Conrad 6 , and some elementary facts on Boolean products of MV-algebras.
Definitions and elementary properties of l-groups used in the paper can w x be found in the book 1 , and definition and properties of MV-algebras can w x be found in 3, 4, 9 .
MV-ALGEBRAS AND l-GROUPS
By an l-group we understand an abelian lattice-ordered group. An element u of an l-group G is said to be a strong unit if for each a g G there < < is a natural number n such that a F nu. By a unital l-group we mean a Ž . Ž . pair G, u such that G s G, q, y, 0, n , k is an l-group and u is a strong unit in G.
Let G be an l-group and u a strictly positive element in G. Consider
Ž .
Ž . Then ⌫ G, u satisfies the following equations: w x As a matter of fact, it is shown in 9 that ⌫ extends to an equivalence between the categories of unital l-groups and MV-algebras.
Let A be an MV-algebra. A subset I of A is called an ideal provided that:
In the language of MV-algebras we consider the terms
def def Ž . Ž . Then for each MV-algebra A, the reduct L A s A, n , k , 0, 1 is a bounded distributive lattice, with least element 0 and greatest element 1. The corresponding order relation, which we call the natural order of A, is Ž . given by x F y if and only if ! x [ y s 1 or equivalently, x᭪ ! y s 0 .
Ž .
IP I / A, and a n b g I implies a g I or b g I.
We represent by I I A the set of all ideals of A.
We recall, for further reference, the following property proved by Chang w x 3 .
Ž . 
Ž . Proof. It is plain that : I I A ª I I G is an inclusion preserving Ž . function. To prove that for each ideal J of A, J is an l-ideal of G, let x Ž< < . Ž< < . and y be elements in J. Then x n u [ y n u g J, and since
Ž . Ž . it follows that x y y g J . Since J is closed under n, k and Ž . contains 0, we have shown that J is an l-subgroup of G. To show that it Ž . is convex, suppose that x and y are in ⌽ J and that x F z F y. Then
< < Ž q y . and arguing as before, we obtain that z n u s z q z n u g J, and Ž . Ž . Ž . this means that z g J . Therefore is a function from I I A into I I G , and it is obvious that preserves the inclusion. w x < < Ž Ž .. Since for each x g 0, u , x s x n u, we have that J s J for each ideal J of A. Hence to complete the proof, we need to show that, for Ž Ž ..
Since u is a strong < < unit, there is a natural number n such that x F nu, and then
.
Given an MV-algebra A we will represent by Spec A the set of all prime ideals of A, and given an l-group , Spec G will represent the set of all prime < < < < < < l-ideals of G. Then, since the inequality x n y F x n y holds in any Ž . l-group, it follows that transforms prime ideals of A s ⌫ G, u into
Ž
. Ž . A spectral root is a spectral root system having a greatest element. It Ž . is well known that for each lattice-ordered abelian group G, Spec , : is a spectral root system. Ž . Let X, F be a root system, and for each x g X, let R s R, with R x Ž . the additive ordered group of the reals. Let ⌺ s ⌺ X denote the subgroup of the direct power R X s Ł R formed by the elements with x g X x w x finite support. It was shown in 6 that ⌺ becomes an l-group if we declare an element positive provided it is positive at each maximal element of its w x support. Moreover, Conrad in 6, Theorem 4.1, Corollary I showed that the correspondence
defines an anti-isomorphism from the set of non-empty, increasing, and Ž . Ž . totally ordered subsets of X, F , ordered by inclusion, onto Spec ⌺, : . Ž . Given a spectral root system X, F , the set of elements of X having a successor will be denoted by X y . Each x g X y has exactly one successor, which will be denoted by x q . We set X * s X y j max X, where max X Ž . denotes the set of maximal elements of X, F . Note that X *, with the Ž . Ž . order inherited from X, F , is a root system which is denoted by X *, F .
Ž . LEMMA 2.1. For each spectral root system X, F , the correspondence w . Ž . x ¬ x l X * defines an anti-isomorphism from X, F onto the poset of Ž . non-empty, increasing and totally ordered subsets of X *, F .
w .
Proof. It is clear that for each x g X, x l X * is a non-empty, Ž . increasing, and totally ordered subset of X *, F , and that x F y implies w .
w .
y l X * : x l X *. Suppose x F u y, and let m and n be the maximal Ž . w . w . elements in X, F contained in x and in y , respectively. If m / n, w . w . Ž . then n g y l X * and n f x . If m s n, then x k y exists in X, F , and y -x k y. Hence there is z g X y such that y F z -z q F x k y. This w .
w . w . implies that z g y l X * and z f x l X *. Therefore y l X * : w .
x l X * implies x F y. To complete the proof we must show that the mapping is onto. Let Y be a non-empty, increasing, and totally ordered subset of X *, and let s be the greatest lower bound of Y. It is plain that w . 
Ž .
Note that the l-group ⌺ X * has a strong unit if and only if max X is Ä 4 Ž . finite. In particular, when max X s m , i.e., when X, F is a spectral root, the function u: X ª R, which takes the value 1 at m and 0 Ž . otherwise, is a strong unit of ⌺ X * .
To associate with each spectral root system a unital l-group we need a sheaf construction. We shall use Boolean products of MV-algebras. Ž . A weak Boolean product of a family A : x g X of algebras over a x Boolean space X is a subdirect product A of the given family such that the following conditions hold:
Ž . By requiring in condition a that @ a s b# be clopen we obtain the notion Ž . of a Boolean product. Weak Boolean products Boolean products corre-Ž . spond to algebras of global sections of Hausdroff sheaves over Boolean Ž w x. spaces see 2 . 
Proof. Since the class of all MV-algebras is closed under subdirect products, A is an MV-algebra. Ä Ž . 4 For each x g X, define I s a g A: a x s 0 .
x Claim 1. For each P g Spec A there is exactly one x g X such that I : P. Assume that P g Spec A is such that for any x g X, I P. Then is j g 1, . . . , n such Ž . x/y, there is a clopen N ; X such that x g N and y g X _ N. By BP2 , < < < < Ž < 0 j1 gI :P and 1 j 0
gP, and this contradicts the fact that P is
proper. Therefore x s y. Ä 4 It follows from the claim that if T s P g Spec A: I : P , then Ž . Ž . that for any P g T , ␣ P is an ideal. Moreover, ␣ P is proper. Because
then there is a g P such that a x s 1 x . In this case x Ž . d a, 1 g P and since a g P, by Lemma 1.1, 1 g P; i.e., P s A. In order to Ž . Ž . see that ␣ P is prime, consider s n t g ␣ P . Ž . Ž . Ž .Ž . Ž . and c g P such that a x s s, b x s t, and s n t s a n b x s c x . Arguing as in Claim 1, we can conclude that a n b g P. Hence a g P or Ž . Ž . Ž . b g P. Thus s g ␣ P or t g ␣ P , and so ␣ P is prime. It is clear 
